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Numerical Integration

e Gaussian Quadrature Rule

b
One-point: / f($)d33%01f(x1)

b
Two-point: / flzx)dx =~ Cif(x1) + Cof(x2)

b
n-point: / f(x)de ~ Cif(x1) + Cof(x2) + -+ Cpf(xy)
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Numerical Integration

e Gaussian Quadrature Rule

One-point (Midpoint)
b
/ f(z)dz ~ Cy f(x1), Ci,z1 =7, a<x1<b

A linear choice: f(x) = ag + a1z, arbitrary ag and a,

(1 — a?)
2

b b
Left Side: / f(z)dz = / (ap + ar1x)dxr = ag(b— a) + a;

nght Side: le(iljl) — 01 (CLO -+ CL1£E1) — CL()(Cl) + a1 (015131)
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Numerical Integration

e Gaussian Quadrature Rule

One-point (Midpoint)

b
/ f(z)dz ~ Cy f(x1), Ci,z1 =7, a<x1<b

. ’ (b* — a®) )
Left Side: f(z)dz = ag(b— a) + a; 5 Ci=b—a
) > S b’ — a?
nght Side: Olf(iljl) — CL()(Cl) -+ al((]l:z:l) \01371 — 9
b+ a b b
Ci=b—a, x1= 5 —> /f(a:)da:%(b—a)f( —|2—a)
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Numerical Integration

e Gaussian Quadrature Rule

One-point (Midpoint) b b+ a
/ f(z)dz ~ (b—a)f( 9 )

A linear choice: f(x) = ag + a1, arbitrary ag and a4
b+a, b+a (ag  air,\ , (a0 a1 \ _ fla)+ f(b)
)= a0t a— _(2'2b)'(2'2“)_ 2
b e .
N fla) + f(b) : Midpoint is equivalent
/a f(z)de ~ (b —a) 2 with Trapezoidal
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Numerical Integration

e Gaussian Quadrature Rule

Two-point
b
/f(x)dx%le(ml)—FCgf(xg), C1,Cy, 21,22 =7, a<x1,22<0b

f(x) = ag + a1z + axz? + azx”, arbitrary ag, ai,as and as

b 2 2 3 3 4 4
h? — b — b~ —
Left Side: / f(w)dgj — a,O(b — CL) + aq ( : a ) | CLQ( . a ) I @3( P a )

Right Side: le(ZEl) —+ CQf(LEQ) = ao(Cl + CQ) + aq (01331 + CQQEQ)
+a2(0133% + Czilig) =+ &3(0137? T 02373)
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Numerical Integration

e Gaussian Quadrature Rule

Two-point

b
/f(x)dx%le(xl)—i-C’gf(scg), C1,Cy, 21,20 =7, a<x1,22<0b

Cl -+ CQ — b —
2 2
Cix1 + Coxg = b"—a 0 Four Nonlinear equations
< )3 2 ; 0 Four unknown variables
—a
Oll‘% _I_ CQZU% —
y 3 Hard to Solve!
—a
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Numerical Integration

e Gaussian Quadrature Rule
2 Easy way to Solve!

Two-point b
/f(x)
b b—
xr = ;al zas: dCIZ‘: ds, s=—-1=x=a, s=1=x=0>

/abf(x)d b‘“/ £ s)dszb;af_llg(s)ds

T2 ; D=gls): [ gle)ds
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Numerical Integration

e Gaussian Quadrature Rule

Two-point

1
/ g(s)ds = C1g(s1) + Cag9(s2), C1,Cs,81,85 =7, —1<s51,8 <1
1

g(s) = ag + a15 + ass* + ass®, arbitrary ag, a1, as and as

1

2

Left Side: / g(s)ds = 2ag + Oaq + 302 + Oas
~1

Right Side: 019(81) -+ 029(82) — CL()(Cl —+ CQ) -+ al(C’lsl —+ 0282)
—|—CL2(013% -+ 0253) -+ CL3(015? =+ 0283)
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Numerical Integration

e Gaussian Quadrature Rule

Two-point

—1

/ g(s)ds = C1g(s1) + C29(s2),

01,02,81,82 :?, —1§81,82§1

4 _ - 4
Cr+Cy=2 S% C151 +Cos9 =0 015? + 02523% =0
Cys1 + Cosy = 0 —"
— 3 3
y 151 1+ L2852 _C8] + Casy =0 LC1s7 + Casy; =0
2
2 2 _ 4
Cls]_ +0282 T 3 5'61282 _81) O
3 3 __
\0181 T 0282 =0 Cy = 0, s9 =0, 89 = 81, S9 =
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Numerical Integration

e Gaussian Quadrature Rule

Two-point

1
/ g(s)ds =~ Cig(s1) + Cag9(s2), C1,Cs,81,85 =7, —1<s51,8 <1

—1

/014—02:2 (C2=0:
Cis1 + Cys0 =0 J Cis1+Cas2 =0 (C1s1 =0
< 2 2 2 2 2 2 A 9 2
C1s1 + Casy = § \ C1s1 + Casy = g \0181 = §
Ci57 + Cas; =0 C5 = 0 is not acceptable.
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Numerical Integration

e Gaussian Quadrature Rule

Two-point

1
/ g(s)ds =~ Cig(s1) + Cag9(s2), C1,Cs,81,85 =7, —1<s51,8 <1

—1

[01+02:2 KSQZO:
C151 + Casy =0 < C1s1 4 Cos2 =0 (Ch151 =0
< 2 o 2 2 , 25>, 2
0181 + 0282 — § \_ 0181 —I_ 0282 p— § \0181 — g
Cys7 4 Casy =0 so = (0 is not acceptable.
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Numerical Integration
e Gaussian Quadrature Rule
Two-point

1
/ g(s)ds =~ Cig(s1) + Cag9(s2), C1,Cs,81,85 =7, —1<s51,8 <1
1

(CL+Cy =2 (59 = 51 °
C1s1+ Casa =0 Ch+Cy =2

< 013% + 0233 _ g < 31(01 4+ 02) — 0 So = §1 18 not acceptable.
(G5t Cosi=0 | s1(C1+Co) zg

M. Reza Mozaffari Physics Group, University of Qom Lecture-07



Numerical Integration
e Gaussian Quadrature Rule
Two-point

1
/ g(s)ds =~ Cig(s1) + Cag9(s2), C1,Cs,81,85 =7, —1<s51,8 <1

—1

/01+02:2 /32:—312 fslzzi%
C181_|_0282:O Cl—|—02:2 oL < :
< 2 < _ So = F——
Cis7 + Cas} = 3 s1(C1+ C3) = 3 — 7
_C157 + Casy =0 . 1(C1 = Cy) = a=G
So = —s1 18 acceptable.
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Numerical Integration

e Gaussian Quadrature Rule
Two-point
1
/ g(s)ds =~ Cig(s1) + Cag9(s2), C1,Cs,81,85 =7, —1<s51,8 <1

—1
1 1
S1 — ———= Sz:ﬁ’ ClICQZ].

2(Crf (1) + Cof(x2))

b+a 1 b—a b+ a 1 b—a
i) |

2 V3 2 0 P 2 T3 2
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Numerical Integration

e Gaussian Quadrature Rule

points | arguments weights
1 n 1 0 2
[ atoas=Y Cugls) Y |
- i=1 2

1/V3 1

Arguments and weights in table —/3/5 5/9

3 0 8/9

3/5 5/9
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