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Ordinary Differential Equation

e Initial Value Problem
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1 RSy g o
A C dt O x(t =tg) = x9, v(t=1tg) =19
©  q(t=to) = 3
E £ e
AN ’
i I i % 7 —kax
~ VVV— m — fycoswt
™) 7% %
V(t) —bv

M. Reza Mozaffari Physics Group, University of Qom Lecture-23



* Ordinary Differential Equation (Initial Value Problem)
* Runge-Kutta Method (Implicit Methods)

y:f(yvt)a y(t:tO) — Yo

Second order Runge-Kutta

Ynt1 = Yn + b1k1 + baks

kg — Atf(yn -+ CL12]€1, Ifn —+ CgAt)

First Order ODE

b1, ba, a2, cog =7
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* Ordinary Differential Equation (Initial Value Problem)

* Runge-Kutta Method (Implicit Methods)

y:f(yvt)a y(t:tO) — Yo

= Second order Runge-Kutta
@
3 Yna1 = Yn + 01k1 + boko * The elements @;; form the Runge-
g Kutta matrix A ,
"é k1 = Atf(yn, tn)
B U [ 0 O }
ko = Atf(yn + a19k1, t, + CQAt) a2 0
ec = (c1,c2) are the Runge-Kutta nodes, and for c; = Z i
consistency each C; must equal the sum of the ¢th row of A: 7
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* Ordinary Differential Equation (Initial Value Problem)

* Runge-Kutta Method (Implicit Methods)

y:f(yvt)a y(t:tO) — Yo

= Second order Runge-Kutta
@)
5, Yna1 = Yn + 01k1 + boko * The Runge-Kutta matrix, nodes
'g and weights are by convention
= k1= Atf(Yn, tn) written as a Butcher tableau:
: 0 O
ko = Atf(yn + a1k, t, + c2At) 0
C A C2 a/12 O
b : (b1, 52) are the Runge-Kutta b by by
weights.
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* Ordinary Differential Equation (Initial Value Problem)

* Runge-Kutta Method (Implicit Methods)

Second order Runge-Kutta

Un+1 = Yn + 1AL (Yn, tn) + b2 AL f(yn, + a12k1, ty, + c2Al)

f(yn + al?kla tn =+ CQAt) — f(yna tn) + al?klfy(yna tn) + CQAtft(yna tn)

First Order ODE
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* Ordinary Differential Equation (Initial Value Problem)

* Runge-Kutta Method (Implicit Methods)

Second order Runge-Kutta

Un+1 = Yn + 1AL (Yn, tn) + b2 AL f(yn, + a12k1, ty, + c2Al)

f(yn + a12k1,t, + CQAt) — f(yna tn) T alql_']_f_lify(yna tn) T C2Atft(yna tn)
k1= Atf(y’nvtn)

f(yn + a1k, tn + CZAt) — f(yna tn) + alQAtf(ynatn)fy(ymtn) -+ CZAtft(yna tn)

First Order ODE
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* Ordinary Differential Equation (Initial Value Problem)
* Runge-Kutta Method (Implicit Methods)

Second order Runge-Kutta

Ynt1 = Yn + O1ALf (Yn, ty) + b2Aﬁf(yn + ai2k1, ty, + coAl),

— ——— — — — — — — — — — — — — — — — — — —

f(yn + al?kla tn =+ CQAt) — f(yna t"’b) + al?klfy(yna tn) + CQAtft(yna tn)

— Atf(y’nv tn)

'f(yn + ajoki, ty + Czﬁt) f(Yn,tn) + a12ALf (Yn, tn) fy(Yn, tn) + C2 AL f1(Yn, th)

First Order ODE
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* Ordinary Differential Equation (Initial Value Problem)

* Runge-Kutta Method (Implicit Methods)

Second order Runge-Kutta

Un+1 = Yn + 1AL (Yn, tn) + b2 AL f(yn, + a12k1, ty, + c2Al)

f(yn + al?kla tn =+ CQAt) — f(yna t"’b) + al?klfy(yna tn) + CQAtft(yna tn)

k1 = Atf(yna tn)

f(yn + a2k, ty + c2At) = f(Yn,tn) + a12ALf (Yn, tn) foy (Yn, tn) + 2 AL fi(Yn, tn)

First Order ODE

Yn+1 = Yn T (bl T b2)Atf(ym tn) T bZAtz(aHf(yna tn)fy(yna tn) + Cth(ymtn))

M. Reza Mozaffari Physics Group, University of Qom Lecture-23



* Ordinary Differential Equation (Initial Value Problem)

* Runge-Kutta Method (Implicit Methods)

Second order Runge-Kutta

Yn+1 = Yn T (bl =+ bg)Atf(yn, tn)
+bo At (a12 f (Yn, tn) fyy (Un, tn) + 2 ft(Yn, tn))

y(tn+m)=y(tn)+m<i_§)n - Lar (il) L

dy d?y
ntl1 = Yn + At | — —At?
i =uns 20 () 520 () -

First Order ODE
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* Ordinary Differential Equation (Initial Value Problem)
* Runge-Kutta Method (Implicit Methods)

Second order Runge-Kutta
Yn+1 = Yn + (b1 + b2) AL f(Yn, tn)

+b2At2(a12f(yna tn)fy(yna tn) + Cth(ynatn))

dy 1 d?y
ntl1 = Yn + At | — N -
o =uns 20 () 50 () -

c d
d_i = [y t) 1 Ynt1 = Yo + AL (Yn, tn) + S AL (—f> 4.,

First Order ODE
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* Ordinary Differential Equation (Initial Value Problem)
* Runge-Kutta Method (Implicit Methods)
Second order Runge-Kutta
Yn+1 = Yn + (b1 + b2) AL f(yn, tn)
+02 A8 (@12 f (Y tn) fy (Y tn) + €211 (Y, tn))

dy d2y
il = Y + AL | == —At2
=+ 0 (Gf) + 508 () +

d L 174
d_i = (Y1) 1 Yns1 = Yo + Atf(yn, tn) + S AL (—f> [

First Order ODE

— — — — — — — —
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* Ordinary Differential Equation (Initial Value Problem)
* Runge-Kutta Method (Implicit Methods)

Second order Runge-Kutta
Yn+1 = Yn + (b1 + b2) AL f(Yn, tn)

+b2At2(a12f(yna )fy(yna ) -+ Cth(ymtn))

First Order ODE

| df |

————————l

f=f0): df = (Z) y + (2{) dt = fydy + fut
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* Ordinary Differential Equation (Initial Value Problem)

* Runge-Kutta Method (Implicit Methods)

Second order Runge-Kutta

CE; Yn+1 = YUn + (bl + bZ)Atf(ynatn)
-§ +b2At2(a12f(ynatn)fy(ynatn) +62ft(ynatn))
o I 1
z TN
3 Yn+1 = Yn T+ Atf(yna tn) T _At2: _f R
2 | dt |
_ . _ df . dy dy ,
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* Ordinary Differential Equation (Initial Value Problem)

* Runge-Kutta Method (Implicit Methods)

Second order Runge-Kutta

CE; Yn+1 = Yn + (bl + bZ)Atf(ynatn)
-§ +b2At2(a12f(ynatn)fy(ynatn) +62ft(ynatn))
o I 1
z 1ol (df) !
5 Unat = U+ ALF (i t) + a2 (L)

2 | dt |

df /
f=flyt): df:fydy‘|'ftdt:>a:fyy + Jt = Jy + [t
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* Ordinary Differential Equation (Initial Value Problem)

* Runge-Kutta Method (Implicit Methods)

Second order Runge-Kutta

CE; Yn+1 = Yn =+ (bl + bZ)Atf(yna tn)
-§ +b2At2(a12f(yna tn)fy(yna tn) T Cth(ynatn))
o I 1
z TN
5 Unat = U+ AT t) + A2 (L) 1y
2 | dt .
d d
d—{ — fyf + Ji = (d_{> — fy(ynatn)f(ynatn) T ft(ynatn)
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* Ordinary Differential Equation (Initial Value Problem)
* Runge-Kutta Method (Implicit Methods)

Second order Runge-Kutta
Yn+1 = Yn + (b1 + b2) AL f(Yn, tn)

+b2At2(a12f(yna tn)fy(yna tn) + Cth(ynatn))

First Order ODE
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* Ordinary Differential Equation (Initial Value Problem)

* Runge-Kutta Method (Implicit Methods)

Second order Runge-Kutta

CE; Yn+1 = Yn + (bl + bQ)Atf(yna tn)
-§ _I_bZAtQ(ale(yna tn)fy(ynatn) + Cth(y’na tn))
o
17 1
E Yn+1 — Yn T Atf(ynatn) - §At2[fy(ynatn)f(ynatn) + ft(ynatn)] T
1 1 1
b1 + b2 = 1, b2a12:§, 5202:§=>b1:b2=§, aig =cp =1
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* Ordinary Differential Equation (Initial Value Problem)

* Runge-Kutta Method (Implicit Methods)

y = f(y,t), y(t=1t0)=1yo

Second order Runge-Kutta

First Order ODE

1
Yn+1 = Yn + 5(:161 + ko)
k'2 — Atf(yn + ]Cl, by, + At)

Butcher tableau:
O 0 O
1 1 0
1 1
2 2
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* Ordinary Differential Equation (Initial Value Problem)

* Runge-Kutta Method (Implicit Methods)

2
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© |
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Second order Runge-Kutta

ki = Atf(yn,tn)
ko = Atf(yn + k1,t, + At)

1
Yn+1 = Yn + 5(7%1 + ko)
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* Ordinary Differential Equation (Initial Value Problem)

e Stability of Runge-Kutta Method (Implicit Method)

Second order Runge-Kutta

Un+1 = Un 5(161 ko)

k1 = Atf(yna tn)
kg — Atf(yn + kl, by + At)

_________________________

First Order ODE
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* Ordinary Differential Equation (Initial Value Problem)

e Stability of Runge-Kutta Method (Implicit Method)

Second order Runge-Kutta

= 1 : YUn+1l —7 Yn4+1 -+ 5yn—|—1 :
8 Yn+1 = Yn T §(k1 _l'kZ)? : :
= | Yn — Yn + 0Yn |
I-E L e e e e e e o o o =
® 1
"é Yn+1 + 5yn—|—1 — UYUn + 5yn + §k1 (yn =+ 5yn7 tn)
E U ~- J A\ ~ J A\ ~ J
Yn+1 YUn | YUn
‘|‘§k2(yn =+ 5yn + kl (yn =+ 5yn7 tn)a tn)
Yn Yn
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* Ordinary Differential Equation (Initial Value Problem)

e Stability of Runge-Kutta Method (Implicit Method)

Second order Runge-Kutta  y,11 = yn + %(kl + ko)
CE; Yn+1 + 0Ynt+1 = Yn + 0Yn + %ikl(yn + 0Yn, tn)i
';g —I—%kz(yn + 0Yn + k1(Yn + 0Yn, tn), tn)
F e "
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* Ordinary Differential Equation (Initial Value Problem)

e Stability of Runge-Kutta Method (Implicit Method)
Second order Runge-Kutta  yn+1 = yn + = (k1 + ko)

1
Yn+1 + 5yn—l—1 — Yn + 5yn + §k1 (yn =+ 5yn7 t )

First Order ODE

<3(yfli2 k1) ) . +O0(6y.)
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* Ordinary Differential Equation (Initial Value Problem)

e Stability of Runge-Kutta Method (Implicit Method)

1
Second order Runge-Kutta  yp11 = yn + = (/-cl + ko)

1
CED Yn+1 + 5yn+1 = Yn + 5?/77, =+ _kl (yn =+ 5yn7t )
8 —uz@(yn + 6Yn + k1 (Y + Oy tn)s )
|
Z ' ki \
e kQ(yn+k1+5yn 1+ (ay1> ,tn):
9 ] 9
= ko(yn + k1, tn) + 0yn |1+ At (%) At <%> + 0(5?/721)
n tn_ n tn
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* Ordinary Differential Equation (Initial Value Problem)

e Stability of Runge-Kutta Method (Implicit Method)
Second order Runge-Kutta  yp11 = yn + = (/-cl + ko)

1 o,
% + 5yn—|—1 :/Jn/‘l‘ 5yn + _kl na ) _At f 5yn
2 OYn

| | of of
a n s tn A n 1 A A S
-|-2k2(y/\/kl t )"‘259 T t(@yn> t<ayn>tn

Syt = S + At(af ) S + ~ 5y 1+At(3_f) At (a_f>
2 . OYn, .

First Order ODE

Oy,

M. Reza Mozaffari Physics Group, University of Qom Lecture-23



* Ordinary Differential Equation (Initial Value Problem)

e Stability of Runge-Kutta Method (Implicit Method)

1
Second order Runge-Kutta  yp11 = yn + = (/-cl + ko)

OYni1 = OYn + = At ( of ) 0Yn + l&yn 1+ At ((‘fyf ) At <ﬁ>
tn n tn

Otn+t1 1 ( of ) 1 ( of ) ( of )
=14+ At =— | +=|[1+At| == At [ =
5yn 2 ayn £ 2 ayn to, ayn tn

First Order ODE
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* Ordinary Differential Equation (Initial Value Problem)

e Stability of Runge-Kutta Method (Implicit Method)

1
Second order Runge-Kutta  yp11 = yn + = (/-cl + ko)
)
S 5 of of
Yn+1 2
— Growth Factor: — — 1+ At ZAt
'§ N I 0Yn " <ayn>tn " 2 <8y”>tn
@
2 >
|5yn+1 <1=|1+ At (ﬁ) = lAt2 (ﬁ> <1
5yn ayn th 2 ayn tn

Stability Condition
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* Ordinary Differential Equation (Initial Value Problem)

* Runge-Kutta Method (Implicit Methods)

y:f(yat)a y(t:tO) = Yo

Fourth order Runge-Kutta

=
a 1
C; Yntl = Un + E(kl + 2ko + 2ks + ka) Butcher tableau:
.=
S by = ALf(Yn;tn) 0l 0 0 0 O
z 1 1 11l 00 0
S | ke = Atf(yn + Sk te + A 1oL oo
1 1 11 0 0 1 O
ks = Atf(yn + —ko,t, + —At)
2 2 11 1 1
ks = Atf(y, + ks, t, + At) 63 3 6
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* Ordinary Differential Equation (Initial Value Problem)

* Runge-Kutta Method (Implicit Methods)

|
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- |

O I

b |
T ot

S ™

2 |

= |

Ly |

|

|

|

|
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Fourth order Runge-Kutta

k1 = Atf(ynv tn)

1
—kq,t,
9 1,

2

At)

1 1
ks = Atf(yn + ikzﬂfn + §At)

ky = Atf(y, + k3, tn, + At)

1

Yn+1 :yn+ 6

(k1 + 2ko + 2ks + k4)
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* Ordinary Differential Equation (Initial Value Problem)

e Stability of Runge-Kutta Method (Implicit Method)

1
Second order Runge-Kutta  yp11 = yn + = (/-cl + ko)
EJ Growth Factor:
@) 4
v OYnt1 af 2<8f> Q(af) 2<6f>
=1+ At —At —At —At —
'§ 0Yn, " <0yn> i 2 OYn ) 4 " 6 OYn )\ i 24 OYn ) ¢
|z OYn
i Stability Condition | 35/ 1 <1
Yn

of o (Of o (Of o [ Of "
1+ At —At —At —At — <1
i <8yn> 5 <8yn) 6 <0yn> T2t oy, ), |5
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